Abstract: Hidden conformal symmetries of scalar field on various black hole backgrounds have been investigated for years, but whether those features hold for other fields are still open questions. Recently, with proper assumptions, Lunin achieved to the separation of variables for Maxwell equations on Kerr background. In this paper, with that equation, we find that hidden conformal symmetry appears at near region under low frequency limit. We also extended those results to vector field on the more general Kerr-NUT-(A)dS background, then hidden conformal symmetry also appears if we focusing on the near-horizon region at low frequency limit.
Introduction
One of the most mysterious features of black holes is the Bekenstein-Hawking Entropy. To explain the area law of black hole entropy and to figure out its microscopic origin are very important challenges for a quantum gravity theory. A temptative explanation comes from the holographic principle proposed in [1] and [2] which states that gravity can be described equivalently by a theory with one lower number of dimensions. Then, the exact AdS/CFT correspondences [3, 4] provided explicit realizations of the holographic principle. This is one of the greatest achievements of modern theoretical physics. Using holographic principle, the microscopic origin of the Bekenstein-Hawking entropy was first reproduced by methods depend heavily on details of string theory [5] . Soon, it was understood in [6] that it can be applied to any consistent, unitary quantum theory of gravity which contains the black holes as classical solutions.
Although the AdS/CFT correspondence is very useful for studying those properties of black holes, most of the black holes considered in the context of AdS/CFT are physically unrealistic. Fortunately, about a decade ago, it was showed that the ideas of AdS/CFT could nevertheless be used to understand astrophysical Kerr black holes. This is called as Kerr/CFT correspondence [7] , and it claims the duality between a Kerr black hole with mass M and angular momentum J = aM and a 2D conformal field theory(CFT) with central charges c L = c R = 12J and temperatures T L = . This duality was first exhibited by [8] for extremal Kerr black holes with J = M 2 . An extremal Kerr black hole has a near-horizon scaling region which is known as the NHEK (Near-Horizon Extreme Kerr) geometry, whose isometry group is SL(2, R) × U (1). Then, by choosing proper NHEK boundary conditions, the canonically conserved charges associated with the non-trivial diffeomorphisms of the NHEK region form two copies of the two-dimensional Virasoro algebra with c L = c R = 12J [9, 10] . One of the most important supports is that the Cardy microstate degeneracy on the CFT side precisely matched the Bekenstein Hawking entropy. And such correspondence was soon generalized to various extremal or near-extremal black holes [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
Furthermore, the Kerr/CFT correspondence was extended to generic non-extremal case. In a remarkable paper [26] , it is exhibited the existence of conformal symmetry in the solution space of the scalar wave equation. This is called hidden conformal symmetry, and it allows us to associate a CFT description to general non-extremal black holes. With the assumptions that the central charge will have the same form as extremal case, the Cardy formula will reproduce the Bekenstein-Hawking entropy again. As expressed in [27, 28] , it's an intrinsic property of the black hole instead of an artifact of the scalar equation of motion. Further discussions about hidden conformal symmetry extended to various black holes can be found [29] [30] [31] [32] [33] [34] [35] [36] .
But an acute problem is that all those analyzations are just for scalar field, whether or not this hidden conformal symmetry could be found for higher spin waves are still open questions [7] . Chen et al. [27] analyzed the hidden conformal symmetry acts on vector and tensor field by defining a Lie-induced derivate. Lowe et al. [37] tried to achieve this goal by analyzing the Teukolsky equation. These results gave affirmative answers to this question, but none of them solved the problem in essence.
Recently, Lunin has done an excellent work on separation of variables for Maxwell equation in the Myers-Perry geometry [38] . He actually provided a useful frame to separate variables for higher spin fields especially for Maxwell equations. We should notice that this is different from Teukolsky equation, since it's an equation of field instead of field strength.
In this paper, we analyzed the separation variables for Maxwell equation in Kerr and Kerr-NUT-(A)dS [39] backgrounds with the ansatz provided by Lunin [38] . Then we found the hidden conformal symmetries of Maxwell equation in those geometries. In Kerr spacetime, this hidden conformal symmetry do exist in the near region under low frequency approximation, the separation equation can be reproduced by SL(2, R) Casimir just like the situation of scalar field. In Kerr-NUT-(A)dS spacetime, we find that there also exist hidden conformal symmetry on the solution space of the Maxwell separation equations in the low-frequency limit if we focus on the near-horizon region. Extending those results to Kerr-Newman, Kerr-(A)dS, Kerr-Newman-(A)dS and Kerr-Newman-NUT-(A)dS are quite directly, and we have checked all those four situations. Since the logic are very similar with above discussions, we will not list them in this paper.
The paper is organized as follows. In Sec.2, we will focus on Kerr black hole, first of all we will review the discussion of the hidden conformal symmetry of scalar field briefly, and then discuss the hidden conformal symmetry of Maxwell equation on Kerr black hole background in the same way. In Sec.3, we will extend those results to Kerr-NUT-(A)dS geometry. In Sec.4, we will give a brief conclusion.
Hidden conformal symmetry of Kerr black hole
In this section, we will focus on the hidden conformal symmetry of Kerr black hole. First, we will review the discussion of hidden conformal symmetry of scalar field briefly. Then, we will introduce Lunin's result on the separation of variables for Maxwell equations on Kerr background. Finally, we will discuss the hidden conformal symmetry of vector field based on that equation.
Hidden conformal symmetry for scalar field
Consider the Kerr metric for a stationary and axisymmetric black hole with mass M and angular momentum J = M a,
where ∆ and Σ are given by
Consider the Klein-Gorden equation for a massless scalar field:
Since there exist two Killing vectors, ∂ t and ∂ φ , the scalar field can be expanded in eigenmodes as
By introducing the ansatz:
the Klein-Gorden equation can be separated into:
and
Then, under low frequency approximation:
the whole spacetime can be divided into two regions:
And there exist an overlap in the matching region:
In the near region, under the condition r ≪ 1 ω , the angular equation (2.5) degenerates into a simpler form:
This equation is Legendre equation with separation constant K l = l(l+1), and the solutions e imφ S(θ) are spherical harmonics. Then we focus on the radical equation (2.6) in the near region under low frequency approximation, which becomes
The solutions to this equation are hypergeometric functions, and they transform in representations of SL(2, R).
Consider the coordinate transformation which maps the Boyer-Lindquist coordinates Eq. (2.1) to the so call 'conformal coordinates',
Then we can define six vector fields as:
15)
They obey the SL(2, R) Lie bracket algebra
Then the corresponding SL(2, R) quadratic Casimir operator is:
In (t, r, θ, φ) coordinates those vector fields can be expressed as: 
Then the radical equation in the near region Eq. (2.12) can be written as
So we can see that the equation of motion for massless scalar field can be written as the SL(2, R) Casimir. And with the corresponding temperature (T R , T L ) and two central charges (c L , c R ) which derived from the analysis of Kerr/CFT [8, 9] , we can reproduce the Bekenstein-Harking entropy using Cardy formula S =
. This means that there exist hidden conformal symmetry for a general Kerr black hole [26] .
Separation of variables for Maxwell equations
Consider the homogeneous (source-free) Maxwell equations for a massless vector field A µ :
According to [38] , the Maxwell equations can be separated on the Kerr background under the assumptions:
where λ is an additional parameter, while l µ ± and m µ ± are related to the null tetrads (l, n, m,m) of Kerr metric according to
We can easily find that the vectors l µ ± are not the functions of θ and m µ ± are not the functions of r: 
Substituting the above results into Maxwell equations, we can do the separation of variables as:
For simplicity of the expressions, we have defined several functions 
30)
Hidden conformal symmetry for vector field
Now we focus on the near region under low frequency approximation, then the angular equation will be simplified into Legendre equation:
The solutions to the above equation are spherical harmonics with separation constants λ 1 = l(l + 1). Note that this equation is different from the Teukolsky equation for vector perturbation, this equation does not contain spin weight. To our knowledge, this phenomenon may just because the target of this method is the vector field A µ not the field strength (Ψ 0 , Ψ 2 ), and field strengths are functions of the first derivation of field, which is similar with the relation of spherical harmonics and spin weight spherical harmonics.
Then we are going to analyze the radial wave equation in the near region. It is necessary to note that ∆ ≪ 1 is also a small quantity in the near region, so the terms which contain ω and ω 2 can not be neglected when they have the factor ∆ in denominator. This implies:
Notice that:
Taking those three relations into account, then in the near region:
Then the radial equation in the near region Eq. (2.33) becomes:
This equation is exactly the same with Eq. (2.12). So we can conclude that there also exist hidden conformal symmetry for Maxwell field on Kerr background, and the temperatures (T L , T R ) are exactly equal to the temperatures derived from the scalar situation [26] . Then, with Cardy formula, we can get Bekenstein-Hawking entropy exactly the same as the scalar case.
Vector field on Kerr-NUT-(A)dS background
In this section, we will separate the Maxwell equation in Kerr-NUT-(A)dS geometry, and then we impose the low frequency approximation in the near horizon region, we find that there still exist hidden conformal symmetry of separation equation of Maxwell equation in this background. The details of the corresponding analyses are similar to Kerr, so we just present necessary steps and main results.
Separation of variables for vector field
Kerr-NUT-(A)dS metrics are one kind of generalizations of Kerr solutions with a NUT parameter [39] in the presence of cosmological constant. In the Boyer-Lindquist type coordinates, this metric reads:
where
L is related to the cosmological constant, and n is the NUT parameter, this metric degenerate into Kerr-(A)dS [40] with setting n = 0. Following the same ansatz in Eq.(2.25) with different null tetrads, and substitute those null tetrads of Kerr-NUT-(A)dS into the relation (2.26), we can get
The components of vector-potential can be gotten by substituting the above four vectors into the ansatz. (2.25) . And taking those vector-potential components into Maxwell equation, we will get two separated equations:
And E θ , E r and Λ 1 have been defined clearly above 1 .
Low frequency limit at Near-Horizon region
Similar with the discussion we did in Kerr background, we will focus on the low frequency limit with ωM ≪ 1. Then the angular equation degenerates into
Although it is hard to solve this equation analytically, we can get an vital result that λ 1 doesn't depend on ω, which is enough to discuss the hidden symmetry of radical equation.
In virtue of the function that locate the horizon is no longer quadratic, we can't discuss the hidden conformal symmetry as we did in the Kerr spacetime. Similar with the analysis in [33] , we focus on the near-horizon region, where r − r + is a small quantity, so we can series f KN A r ∆ to the quadratic order, 8) where r + always stands for outer horizon, and
Taking those approximations into consideration, the radical equation can be simplified in the near-horizon region:
and we will see in the next subsection that this wave equation can be reproduce by SL(2, R) Casimir.
Hidden conformal symmetry for vector field
Similar with the logic that we discuss in the Kerr geometry, we will introduce the 'conformal coordinate':
Defining six vector fields which are exactly the same form with Eq. (2.15), and they possess
The related Casimir operator can be expressed in (t, r, θ, φ) coordinates as: 12) then, Eq. (3.9) can be written:
And from the general argument in [18] , for the case of Kerr-NUT-(A)dS geometry, the central charge should be:
The Cardy formula gives the microscopic entropy:
Thus, we can conclude that there also exist the hidden conformal symmetry of separation equation of Maxwell field in Kerr-NUT-(A)dS spacetime, and the corresponding temperatures together with the central charges reproduce the Bekenstein-Hawking entropy.
Conclusion
In this paper, we have extended the result on separation of variables for Maxwell equation on Kerr black hole to the more general Kerr-NUT-(A)dS black hole. Then under the low frequency approximation, and restrict to the near or near-horizon region, the separated equations will be simplified to the same form as scalar field. So it's very clear to see that there exist hidden conformal symmetry for vector field on those backgrounds. We have revealed the hidden conformal symmetry for vector field on different black holes: Kerr and Kerr-NUT-(A)dS. We also checked the black holes with electric charge, and the results are the same. Since the logics are very similar to the above discussions, we will not list all the results here. We speculate that for other black hole backgrounds, the separation of variables for Maxwell equations can also be achieved following the same method. And it's reasonable to conjecture that under proper coordinates and suitable approximations, the vector equation will be simplified to the same form.
Up to now, the hidden conformal symmetry has been extended to vector field, but whether this property will hold for tensor field is still an open question. To answer this question, a separable equation for tensor field should be found first. Following the work of vector field, it may be achieved by a careful study of solutions to Teukolsky equations. But for tensor field, it's difficult to find out the suitable ansatz for components of tensor field.
In the future work, we will focus on the tensor field. If we can find hidden conformal symmetry for tensor field, it will be a stronger evidence of holographic principle. Further more, it will be helpful when we are trying to solve the gravitational wave equations for systems such as extreme mass ratio inspirals (EMRIs).
